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Abstract. In Kaluza derived theories the electromagnetic potential is interpreted
as a part of the metric in a higher dimensional theory of gravity. Here we present a
more Yang-Mills like unification of classical electromagnetism and gravity within five
dimensions, where the electromagnetic potential is related to the connecion and the
field strength to the curvature. In addition some aspects of a quantum theory can be
described in the context of the Gauss-Bonnet-Chern theorem. This approach offers
new coupling mechanisms between gravity and electromagnetism.
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1. Introduction
The unification of classical electrodynamics and gravitation within higher-dimensional
space-times has a long tradition since the discoveries of Nordstro¨m [1] and Kaluza [2]
together with the idea of compactification of Klein [3]. Kaluzas approach is based
on the identification of the additional part of the five-dimensional metric with the
electromagnetic potential. The field strength therefore is part of the five-dimensional
connections. In contrast, the quantum field theories are more Yang-Mills like, where
the field strength is related to a curvature and the potential to a connection. Here we
discuss an approach, where classical electromagnetism is included in a five-dimensional
theory of gravity and the field strength is related to the curvature.
Classical electrodynamics in four-dimensional space-times can be characterized by
the axiomatic approach [4]. The charge current 3-form J fulfills a conservation law and
the electromagnetic excitation 2-form H is connected to the charge current via
dJ = 0, dH = J. (1)
The field strength 2-form F fulfills a similar conservation law and the electromagnetic
potential 1-form A serves as a potential for the electromagnetic field strength
dF = 0, dA = F. (2)
Assuming a linear space-time-relation, the field strength and the excitation in vaccum
are related by
H = λ ⋆ F, (3)
where ⋆ denotes the hodge-operator and λ the vacuum impedance with λ =
√
ǫ0/µ0.
The action of electromagnetic fields on charged matter is known to be described by the
lorenz-force fα
fα = (eα yF ) ∧ J, (4)
where eα is the frame related to the coframe ϑ
α by eα yϑ
β = δβα. From the lorenz-force
the definition of the energy-momentum 3-form Σα is possible
Σα =
1
2
[(eα yF ) ∧H − (eα yH) ∧ F ]. (5)
These equations characterize the structure of electrodynamics and we will show, that
this structure, translated to a five-dimensional space-time, is included in the structure
of a nearly arbitrary five-dimensional riemannian manifold.
The gravitational interaction in four-dimensional space-times is well described by
the theory of general relativity. Let Γα
β be the connection 1-form, we define the
curvature 2-form Rα
β by
Rα
β = dΓα
β + Γσ
β
∧ Γα
σ. (6)
The field equations for a four-dimensional manifold are
1
2
ηαβγ ∧ R
βγ =
8πG
c3
Σα, (7)
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where ηαβγ is a 1-form defined by
ηα1...αp := ⋆(ϑα1 ∧ ... ∧ ϑαp), (8)
G is Newtons gravitational constant and c is the speed of light.
Charge is countable. Magnetic flux lines are countable. Both fields fulfill
conservation laws. Here we will show, that both fields are expressed by the euler-form
of the Gauss-Bonnet-Chern theorem of submanifolds of the underlying space-time.
Charge is countable, in other words it exists only in an integer multiple of the
electric charge. This can formulated as an integral law∫
Σ
ρ = ne, n ∈ Z, (9)
where the boundary term is assumed to vanish.
The same law can be formulated for the magnetic flux in superconducting materials,
but here we have to draw more attention on the boundary. In superconducting materials,
the boundary Σ2 can be chosen to be within the superconducting phase and we have
for the magnetic flux∫
Σ2
B = nΦ0, n ∈ Z, (10)
where B is the flux-density and Φ0 =
h
2e
the flux-quantum. In the following sections we
will see, that we can find a J in terms of geometric quantities which is closed and when
integrating the horizontal part (with respect to a time-like vectorfield) over a space-like
submanifold yields an integer multiple of the elementary charge e. The field strength F
can also be related to geometric quantities, is closed and the integral over the horizontal
part of F gives in the case of a vanishing boundary term an integer multiple of the
flux-quantum Φ0. The linear space-time-relation will be discussed to be a result of some
approximations.
The idea consists of the use of the Gauss-Bonnet-Chern (GBC) theorem for
manifolds with boundary [5, 6, 7]. The GBC-theorem states, that the integral of
the euler-form over a n-dimensional space-like manifold Σn plus an integral over the
boundary ∂Σn in the case of even n is equal to the euler-characteritic χ∫
Σn
En +
∫
∂Σn
Qn = χ(Σn, ∂Σn), (11)
where En is the euler-form of even dimensional manifolds
En =
(−1)n/2
2nπn/2(n/2)!
ηµ1...µnR
µ1µ2 ∧ ... ∧Rµn−1µn , (12)
and Qn the boundary form. Applying a time derivative along a time-like vectorfield
(neglegting the extra term from the Leibnitz rule), we result in
d
dt
∫
Σn
En +
∫
∂Σn
∂
∂t
Qn = 0, (13)
which has the form of a conservation law.
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2. Charge current
Now we start with defining the charge current and the corresponding excitation in terms
of geometric quantities, where the charge current fulfills the conservation law and the
excitation serves at this point as a potential for the charge current:
dJ = 0 dH = J. (14)
In addition the horizontal part of the charge current with respect to a time-like
vectorfield should reduce in a special coordinate system to the euler-form of the Gauss-
Bonnet-Chern theorem for four-dimensional manifolds.
The expressions defined as follows for J and H fulfill the equations (14) :
J = −
e
32π2
ηαβγδσ(R
αβ +Duα ∧Duβ) ∧ (Rγδ +Duγ ∧Duδ)uσ (15)
and
H =
e
128π2
ηαβγδσ(R
αβ +Duα ∧Duβ −
2
3
Dwα ∧Dwβ) ∧Dwγwδuσ, (16)
where uµ is a time-like vectorfield and wµ a vectorfield orthonormal to uµ. As later will
be seen, wµ is defined by the choice of a space-time-relation. The time-like vectorfield
uµ will serve as the velocity vectorfield of the charge distribution as in the space-like
submanifold orthogonal to uµ, the horizontal part of J will reduce to the euler-form for a
four-dimensional manifold. To make sure, that there always exists a time-like vectorfield
uµ with the above properties, we need to apply the condition
uµeµ y J = 0. (17)
In the case, that this condition is not satisfied, there are the following cases. First: the
solution gives for uµ a space-like or light-like vectorfield. This case would be interesting
to be discussed in the context of dark matter as maxwells equations are still valid,
but the charge distribution loses the property of countability. Second: there exists no
solution to the condition above. In this case there exists a vectorfield qµ different from
uµ satisfying the condition
qµeµ y J = 0. (18)
This case is interesting so far, as it would imply, that in the space-like submanifold
orthogonal to uµ charge is still countable, but in addition there exists a non-vanishing
current in the coordinate system, where charge is countable.
Let now again uµ be a time-like vectorfield with the condition (17) fulfilled. The
space-time decomposition with respect to uµ of the charge current and its excitation is
J = j ∧ dσ − ρ, H = H ∧ dσ +D, (19)
where dσ is the 1-form dual to the vectorfield uµ with u y dσ = 1. In the four-dimensional
submanifold Σσ orthogonal to the vectorfield u
µ the charge density ρ becomes
ρ =
e
32π2
ηΣσabcd R
ab
Σσ ∧R
cd
Σσ , (20)
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where the latin indices run over the index range of the four-dimensional submanifold
Σσ. This expression equals the product of the elementary charge e and the euler-form
of four-dimensional manifolds. When shifting the boundary of the integration volume
to infinity, the boundary term of the GBC-theorem vanishes and the integration results
in an integer multiple of the elementary charge e.
3. Field strength
Similar to the description of the charge current and its excitation, we can find some
geometric expressions for the field strength and its potential, which fulfill the following
equations
dF = 0 dA = F, (21)
and the horizontal part of F reduces in a two-dimensional space-like hyper-surface to
the euler-form of the GBC-theorem.
Choosing three orthonormal vectorfields, one time-like vectorfield vµ and two space-
like vectorfields nµ and zµ we find
F = −
h
8πe
ηαβγδσ(R
αβ+Dvα∧Dvβ+Dzα∧Dzβ+Dnα∧Dnβ)zγnδvσ(22)
and
A =
h
16πe
ηαβγδσDx
αxβzγnδvσ, (23)
where xµ is an arbitrary space-like vectorfield within the chosen two-dimensional hyper-
surface orthogonal to vµ, nµ and zµ. The prefactors have been chosen to result for the
integration of the horizontal part of the field strength in integer multiples of the flux
quantum Φ0 =
h
2e
. As xµ is arbitrary also the choice x˜µ = xµ cosϕ + yµ sinϕ, where
yµ is orhonormal to vµ, nµ, zµ and xµ, is valid. The remaining freedom of choice of the
phase ϕ is represented by the gauge-group SO(2), which is isomorphic to the established
gauge-group U(1) of electrodynamics.
The space-time decomposition of the field strength and the potential results in
F = E ∧ dσ +B A = φ ∧ dσ +A. (24)
As the hyper-surface where the magnetic flux is countable is orthogonal to the
vectorfields nµ and zµ, the following conditions need to be fulfilled to assure the
countability of magnetic flux
nµeµ yB = 0 z
µeµ yB = 0. (25)
In the space-like two-dimensional submanifold Σ2 orthogonal to the vectorfields v
µ, nµ
and zµ the horizontal part of the field strength F reduces to the euler-term of the
GBC-theorem times the flux-quantum
BΣ2 = −
h
8πe
ηΣ2ab R
ab
Σ2
, (26)
where the latin indices are restricted to the index range of the hyper-surface Σ2.
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Shifting the boundary to infinity, the boundary term vanishes and the integral over
Σ2 results in an integer multiple of the flux-quantum Φ0 =
h
2e
. The time-derivative of
the boundary-term is related to the electric field E on the boundary (see equation (13)),
which will vanish in superconducting materials. However in superconducting materials
not only the time-derivative, but also the boundary-term itself seems to vanish, resulting
for the integration of B in an integer multiple of the flux-quantum.
4. Space-Time-Relation
The relationship between F and H is called the space-time-relation. Several different
relations have been discussed in literature (see e.g. reference [4]). Here we show, that
under some assumptions a linear relationship
H = λ ⋆ F (27)
can be found. First assuming, that the square terms of the covariant differentials
Duµ ∧ Duν , Dnµ ∧ Dnν and Dzµ ∧ Dzν of the vector fields uµ, nµ and zµ are small
compared to the curvature term, we result for the field strength (22) in
F ≈ −
h
8πe
ηαβγδσR
αβzγnδvσ (28)
and for the excitation field (16) in
H ≈
e
128π2
ηαβγδσR
αβ
∧Dwγwδuσ. (29)
Further we need to evaluate some formulas for the hodge-duals of the curvature.
Denoting the non-decomposable parts of the anti-symmetric part of the curvature by
(i)Rµν the hogde-duals can be evaluated in analogy to the four-dimensional case ([8, 9]).
For the equality
eν y eµ y (ηαβ ∧ (i)Rµν) = e
ν
y eµ y (⋆(i)Rµν ∧ ϑ
α
∧ ϑβ) (30)
we find, that for the hodge-dual of the irreducible parts of the curvature the following
can be proofed after some algebra
⋆(i)Rαβ =
ai
2
ηαβµν ∧ (i)Rµν (31)
with
ai =
(
1,−1, 1,−
n− 2
2(n− 3)
, n− 3,
2
(n− 2)!
)
. (32)
In a five dimensional riemannian manifold only the values a1 = 1, a4 = −3/4, a6 = 1/3
are of interest.
The hodge-dual of F (equation (28)) in this case takes the form
⋆ F ≈ −
h
8πe
1
2
ηαβγδση
αβµν
∧ ((1)Rµν −
3
4
(4)Rµν +
1
3
(6)Rµν)z
γnδvσ. (33)
The summation over α and β results in a simpler equation
⋆ F ≈ −
h
8πe
δµνκγδσϑκ ∧ (
(1)Rµν −
3
4
(4)Rµν +
1
3
(6)Rµν)z
γnδvσ. (34)
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A further reasonable assumption comes from the field equations of gravity, where
the Ricci-part (4)Rµν and the trace-part
(6)Rµν are related to energy-momentum. For
low energy-momentum density the Weyl-part (1)Rµν becomes the leading term in this
expression and we result in
⋆ F ≈ −
h
8πe
δµνκγδσϑκ ∧
(1)Rµνz
γnδvσ. (35)
Comparing with the approximation of the excitation field
H ≈
e
128π2
ηαβγδσ
(1)Rαβ ∧Dwγwδuσ, (36)
one needs to solve the the equation
− λ
h
8πe
δµνκγδσϑκz
γnδvσ =
e
128π2
ηµνγδσDwγwδuσ. (37)
We turn to a coordinate system, where the only non-vanishing parts of the vectorfields
zµ, nµ and vµ are z3, n4 and v0. We find with λ =
√
ǫ0/µ0 = e
2/(2hαf) (where αf is
Sommerfeld’s fine structure constant)
−
8π
αf
δµνκ340 ϑκ = η
µνγδσDwγwδuσ. (38)
A possible solution would result by assuming the only non-vanishing parts of wµ and
Dwµ to be given by µ = 1, 2. In this case we have
−
8π
αf
δµνκ340 ϑκ = δ
µνκ
340 uκ(δ
αβ
12 Dwαwβ). (39)
The solution results for uµ = 0, µ = 1, 2 in
uµ(eµ yΓ1
2) = −
8π
αf
. (40)
This solution describes a vectorfield wµ, which is rotating in the form of a spiral along
uµ within the two-dimensional hyper-planes orthogonal to zµ, nµ and vµ with a velocity
proportional to the inverse of the fine structure constant.
5. Energy-Momentum
The interaction of the electromagnetic fields with charged matter is described by the
lorenz-force
fα = (eα yF ) ∧ J, (41)
where F and J have already been defined in terms of geometrical expressions. From the
lorenz-force we can define the energy-momentum by
fα =: DΣα +Xα, (42)
where the energy-momentum Σα in five-dimensional manifolds is (note the change in
sign compared to the four-dimensional case)
Σα =
1
2
[(eα yF ) ∧H + (eα yH) ∧ F ] (43)
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and the extra force Xα is given by
Xα = −
1
2
(F ∧ LαH −H ∧ LαF ), (44)
where Lα is the covariant Lie-derivative. Here again the energy-momentum and the
extra force are defined by geometrical expressions trough F and H . The covariant
Lie-derivative of a p-form Ψ is
LαΨ =
1
p!
(DαΨα1...αp)ϑ
α1 ∧ ... ∧ ϑαp . (45)
The extra force can be evaluated similar to the four-dimensional case ([4]). We define
Hˆ
αβ :=
1
6
ηαβµνκHµνκ, (46)
where Hµνκ are the components of the 3-form H . Further we assume a linear space-
time-relation
Hˆ
αβ =
1
2
χαβµνFµν , (47)
where Fµν are the components of the field strength 2-form F and χ
αβµν is the linear
permittivity. Combining these two equations we find for the extra force
Xβ = −
η
8
(Dβχ
µνακ)FµνFακ. (48)
In the case of vanishing covariant derivative Dβχ
µνακ, the equation for the lorenz-force
reduces to
fα = DΣα, (49)
which is for field configurations with vanishing lorenz-force a conservation law for the
energy-momentum density.
6. Summary
By using the Gauss-Bonnet-Chern theorem for even-dimensional submanifolds of a five-
dimensional manifold, we could show, that the structure of classical electrodynamics
can be described in terms of geometrical expressions in a total different way, as for
example in Kaluza-Klein theories. The conservation laws for the charge and for the
magnetic flux hold exactly. Under some assumptions a linear space-time-relation
coupling the excitation and the field strength can be found. The energy-momentum
will be conserved in the absence of the extra force and for field configurations, where
the lorenz-force vanishes. As the electromagnetic fields depend on the curvature, new
coupling mechanisms between gravity and electromagnetism are possible.
References
[1] G. Nordstro¨m et al., Phys. Z. 15, 504 (1914).
[2] Th. Kaluza et al., Sitzungsber. Preuss. Akad. Wiss. Phys. Math. Klasse 996 (1921).
[3] O. Klein et al., Zs. f. Physik 37, 895 (1926).
An Alternative to Kaluza 9
[4] F.-W. Hehl et al., Foundations of classical electrodynamics. Birkha¨user, 2003.
[5] S. S. Chern et al., Lectures on Differential Geometry. World Scientific, 1999.
[6] T. Eguchi et al., Phys. Reports 66, 213 (1980).
[7] P. B. Gilkey, Invariance theory, the Heat Equation and the Atiyah-Singer Index Theorem. CRC
Press, 1995.
[8] C. Heinicke, Exact solutions in Einstein’s theory and beyond. PhD-Thesis, 2005.
[9] J. D. McCrea et al., Class. Quantum Grav. 9, 553 (1992).
